Abstract. Ellingsrud and Peskine in 1989 proved that there exists a bound on the degree of smooth nongeneral type surfaces in P 4 . The latest proven bound is 52 by Decker and Schreyer in 2000.
Introduction
Ellingsrud and Peskine [EP] proved that there exists an integer d 0 such that all smooth nongeneral type surfaces in P 4 have degree less than or equal to d 0 . This motivated a search for such surfaces, partly by computational methods, and also an effort to find an effective bound on d 0 , begun by Braun and Fløystad in [BF] . As far as we know the smallest proven bound is 52 by Decker and Schreyer [DS] .
Some of the methods used to find such surfaces are also applicable to surfaces in weighted projective spaces P 4 (w) (some first steps in this direction are taken in [Ra] ). It is therefore natural to ask whether a similar bound can be found for the degree of quasismooth nongeneral type surfaces in a weighted projective space with given weights. In this paper we show that such a readily computable bound (of course depending on the weights) does exist, and we compute it in some cases.
To show that a bound exists, all we need is a fairly simple adaptation of the way in which the results of [EP] (or [BF] ) are applied. For a computable bound we use the results of [BF] together with some information about the contribution from the singularities of the surface in P 4 (w). Our procedure is to exploit the representation of P 4 (w) as a quotient of P 4 by a finite group action. Starting with a quasismooth nongeneral type surface X in weighted projective 4-space P 4 (w), we take its cover in P 4 . This will (usually) be of general type, but it will have invariants bounded in terms of those of X, and the results of [BF] still apply in this situation.
Bounding the degrees
We fix weights w = (w 0 , w 1 , w 2 , w 3 , w 4 ) with w i ∈ N; unless otherwise stated, i and j always denote indices in the range 0 ≤ i, j ≤ 4. We may assume that any four of the w i are coprime; such weights are called well-formed (see [Do, 1.3.1] and [I-F, 5.9 & 5.11] ). We also order the weights so that w i ≤ w i+1 ; in particular, the largest weight is w 4 . We write |w| for the sum of the weights, and m for their product. The weighted projective space P 4 (w) of dimension 4 is defined to be the quotient (C 5 \ {0})/C * , where C * acts by
A surface X ⊂ P 4 (w) is said to be quasismooth if its punctured affine cone X * is smooth, that is, if X * = q −1 (X) is smooth, where q : (C 5 \ {0})/C * → P 4 (w) is the quotient map; see [Do, 3.1.5] or [I-F, 6.3] .
Alternatively ( [Do, 1.2 .2]) we may regard P 4 (w) as a quotient of P 4 under an action of the group G w = i Z/w i Z of order m. A generator g i of the ith factor acts by x i → x w i i . We denote the quotient map P 4 → P 4 (w) by φ w . Suppose that X is a quasismooth surface, not of general type, in P 4 (w). Denote byX the cover of X in P 4 under the m-to-1 map φ w ; thenX is smooth. We always assume that X andX are nondegenerate; that is,X is not contained in any hyperplane in P 4 . Let f :X → X be the minimal resolution of X (note thatX need not be a minimal surface):
Further let d be the degree of X ⊂ P 4 (w) and π the sectional genus of X. These are defined as follows: P 4 (w) and X are Q-factorial varieties and there are Q-line bundles O P 4 (w) (1), O X (1) and K X . Writing H for the class of O X (1) in Pic X ⊗ Q and using the intersection form on Pic X we have d = H 2 and 2π
We letd be the degree ofX andπ the sectional genus ofX. We put
and denote by σ f the number of irreducible exceptional curves of f . We first collect the facts about these invariants of the smooth surfaceX ⊂ P 4 . 
Proof. A more precise version of (1.1), valid under certain conditions, is given in [BF, (1.1)]. In order to bound the degree of smooth surfaces in P 4 , what is needed is not the precise form of (1.3) but an estimate of the form
, where a(ŝ) is some positive constant depending onŝ only. Ellingsrud and Peskine proved the existence of such a bound in [EP] but did not give an explicit one.
It will be convenient to work with the invariants c ≥ 6 we also have and χ (OX ). We shall show the two propositions below.
Proposition 1.2. Suppose X is a quasismooth normal surface in
for suitable k 0 , k 1 , k 2 depending only on the weights w i . Moreover
and
(1.9)
for suitable k 0 , k 1 , k 2 depending only on the weights, and
This proposition will be proved in Sections 3 and 4, below. Our main qualitative result is then the following. Proof. We have seen thatX → X is m-to-1, so
so it is sufficient to show that if X is not of general type, thend is bounded by a function of the weights. Suppose then that X is not of general type. We have, by adjunction, 2π − 2 = H · (Ĥ + KX ) =d +δ, whereĤ is a hyperplane section ofX. Therefore by the estimate (1.1) we obtain
as long as r ≤ŝ and r 2 <d. We may also write the double point formula as
1 (X) = 0. By Proposition 1.2 and the inequality (1.5) we have
Combining this with (1.11) gives (since 5 + k 2 > 0)
So ifŝ > k 2 + 5 we may take r = k 2 + 6 and this boundsd in that case. On the other hand, suppose that X is not of general type andŝ ≤ k 2 + 5. Then using Noether's formula, the double point formula (1.12), and (1.3) we have
by (1.7) and (1.11); the constants depend onŝ, but this is now bounded in terms of the weights. So again we obtain a bound ford in terms of the w i .
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2. Singularities of P 4 (w) and of X In this section we collect some preliminary information about the action of G w on P 4 and onX. We choose an isomorphism G w → Z/w i Z by choosing generators g i ∈ G w of order w i . The singularities arise at fixed points of the G w -action, so let us consider those.
Suppose that x = (x 0 : . . . :
4 . Without loss of generality we take x 0 = 1; then for j = 0 we have ζ
Lemma 2.1. If x ∈ P 4 is fixed by a nontrivial element of G w , then x lies in a coordinate linear subspace P J given by P J = {x j = 0 | j ∈ J ⊂ {0, . . . , 4}}. The stabiliser of a general point of P J is the group Γ J generated by the g j for j ∈ J and the element g J = i ∈J g
This is immediate from the description of the action above. By a general point in P J is meant, in this case, a point that is not in P J for any J ⊃ J.
Lemma 2.2. The singularities of X are cyclic quotient singularities whose order divides one of the weights.
Proof. At a fixed point x ∈ P 4 , the elements g j ∈ Γ J act on the tangent space by quasi-reflections: the jth eigenvalue is ζ a j j and the others are 1. So the quotient by the subgroup Γ J generated by those elements is smooth, and the singularity of P w or of X at z = φ w (x) is a quotient by the action of the cyclic group generated by g J . The order of this element, or of its image in Γ J /Γ J , is r J , which divides w i for i ∈ J.
Remark 2.3. If #J = 1, then r J = 1 since the weights are well-formed, so the general point of a coordinate hyperplane in P 4 (w) is smooth. For each i, the number of singular points of X with z i = 0 is at mostd.
Remark 2.4. If the weights are pairwise coprime, then the singularities occur at the points P 0 = (1 : 0 : . . . : 0), . . . , P 4 = (0 : . . . : 0 : 1) ∈ P 4 (w), and the singularity of P w at P i has order exactly w i . If X P i , then X also has a cyclic quotient singularity of order w i at P i . 
Lemma 2.5. Suppose that (Y, 0) is a nondegenerate smooth surface germ in (A
h ν . But t 1 divides the right-hand side, so since h ∈ m Proof. The second part follows immediately from the first, which is immediate from Lemma 2.5.
Comparing c 2 1
In this section we prove (1.6) and (1.7) from Proposition 1.2 and give values for the constants k 0 , k 1 and k 2 . Let Δ = 1≤ν≤σ f a ν E ν be the discrepancy of f , so that a ν ∈ Q and KX = f Proof. This (which is not a sharp bound) is most easily seen by toric methods. If the singularity is 1 n (1, a) with (n, a) = 1, then the minimal resolution is described by taking the decomposition given by the convex hull of Z 2 + 1 n (1, a)Z in the first quadrant of R 2 . The exceptional curves E ν , 0 < ν < k, correspond to primitive vectors P ν = (x ν , y ν ) of this lattice: put ν = x ν + y ν , and write E 0 and E k for the toric curves corresponding to the rays spanned by (1, 0) and (0, 1). Then we have
Suppose for definiteness that nu+1 > ν . Then 
But these triangles do not overlap and they are contained in the unit triangle OP 0 P k , which has area
, and so we get
Proposition 3.2. We have c 2 1 (X) ≤ mc 2 1 (X) + θ 1 , where (recall that w 4 is the largest weight)
Proof. For a singular point z ∈ Sing(X) we denote the discrepancy at z by Δ z . If If the w i are pairwise coprime we can do slightly better. In that case the only singularities are at the points P i if they are in X. Therefore we have
where Δ i is the discrepancy at P i and
(w i − 1)(w j − 1).
Comparing c 2
Recall that if x ∈X∩P J , then Γ J stabilises x. We putX J =X ∩(P J \ J ⊃J P J ). OnX J the stabiliser is precisely Γ J . The order of Γ J is h J = r J j∈J w j ; in particular, h ∅ = 1 and h {i} = w i .
X {i} is the complement of up to 4d points on a smooth curve of genusπ, by Corollary 2.6. Those points lie in someX J with #J ≥ 2: in particular they all lie onĤ j for some j = i, and there ared such points for each such j. They may not all be distinct, however. Therefore
Denote by Q the set of points ofX lying in at least two coordinate hyperplanes of P 4 : thus Q =X ∩ #J≥2 P J as a set. The set Q is finite, of cardinality q ≤ 10d, 
Proof. The resolution f :X → X, in a neighbourhood of z, consists of a sequence of at most r x − 1 blowups, needed to resolve the quotient singularity of order r x at z ∈ X. Therefore σ f ≤ x∈Q (r x − 1). Each blowup contracts a smooth rational curve: topologically, therefore, f contracts σ f 2-spheres to points, and each of these contractions reduces the Euler characteristic by 1, so e(X) = e(X) + σ f ≤ e(X) + x∈Q (r x − 1). Proposition 4.2. We have c 2 (X) ≥ mc 2 (X) − θ 2 , where (recall that w 4 is the largest weight)
Q and Lemma 4.1, this gives 
Examples
It would of course be possible to obtain an explicit bound as in Theorem 1.3 from the argument above. However, such a bound would be likely to be rather poor. In specific cases it is possible to obtain a bound better than the general one implied above. Although we still do not expect such a bound to be good, in the sense that we expect that in fact all nongeneral type surfaces will be of much lower degree, in some cases it is not absurdly big.
Example 5.1 (weights (1, 1, 1, 1, 2) ). We calculate a bound for the case of weights (1, 1, 1, 1, 2). In this case there is at most one singular point of X, and if there is a singular point it is an ordinary double point. We let q be the number of singularities of X, so q = 0 or q = 1.
In this case the singularity, if any, is canonical, and blowing up once gives a crepant resolution, so Δ 2 = 0 and c 
